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ABSTRACT
3V\FKRORJLFDOPHDVXUHPHQWLVDSURFHVVIRUPDNLQJZDUUDQWHGFODLPVDERXWVWDWHVRIPLQG
$VVXFKLWW\SLFDOO\FRPSULVHVWKHIROORZLQJGHāQLQJDFRQVWUXFWVSHFLI\LQJDPHDVXUHPHQW
PRGHODQG GHYHORSLQJ DUHOLDEOHLQVWUXPHQWDQDO\]LQJDQGDFFRXQWLQJIRUYDULRXVVRXUFHV
of error (including operator error); and framing a valid argument for particular uses of the
outcome. Measurement of latent variables is, after all, a noisy endeavor that can nevertheless have high-stakes consequences for individuals and groups. This chapter is intended to
serve as an introduction to educational and psychological measurement for practitioners
LQOHDUQLQJDQDO\WLFVDQGHGXFDWLRQDOGDWDPLQLQJ,WLVRUJDQL]HGWKHPDWLFDOO\UDWKHUWKDQ
historically, from more conceptual material about constructs, instruments, and sources
of measurement error toward increasing technical detail about particular measurement
PRGHOVDQGWKHLUXVHV6RPHRIWKHSKLORVRSKLFDOGLIIHUHQFHVEHWZHHQH[SODQDWRU\DQG
SUHGLFWLYHPRGHOOLQJDUHH[SORUHGWRZDUGWKHHQG
Keywords:0HDVXUHPHQWODWHQWYDULDEOHPRGHOVPRGHOāW

Knowing what students know and — given the increased
attention to affective measures — how they feel is the
basis for many conversations about learning. Measuring a student’s knowledge, skills, attitudes/aptitudes/
abilities (KSAs), and/or emotions is, however, less
straightforward than measuring his or her height or
ZHLJKW3V\FKRORJLFDOPHDVXUHPHQWLVDQRLV\HQGHDYRU
that can have high-stakes consequences, such as assignment to a special program (advanced or remedial),
DGPLVVLRQWRDXQLYHUVLW\HPSOR\PHQWKRVSLWDOL]DWLRQ
or incarceration. Even small errors of measurement
at the individual level can have large consequences
when results are aggregated for groups (Kane, 2010).
Sensitivity to these consequences has emerged over
a century of methodology research enshrined in the
Standards for Educational and Psychological Testing
$(5$$3$ 1&0( ,QVRIDUDVPHDVXUHPHQW
may be used in learning analytics and educational
data mining for the purposes of understanding and
RSWLPL]LQJOHDUQLQJDQGOHDUQLQJHQYLURQPHQWV 6LHmens & Baker, 2012), what are the tolerances for errors
RIPHDVXUHPHQW"$IWHUDOOLWKDVEHHQDUJXHGWKDW
ÜKDUQHVVLQJWKHGLJLWDORFHDQÝRIGDWDFRXOGXOWLPDWHO\

replace the need for separate assessments (Behrens
'L&HUER ,QWKHPHDQWLPHDWPLQLPXPRQH
would like to avoid misunderstanding learning or
diminishingOHDUQHUH[SHULHQFHV

WHAT IS MEASUREMENT?
PHILOSOPHY AND BASIC IDEAS
'LVFXVVLRQVRISV\FKRORJLFDOPHDVXUHPHQWRIWHQ
begin by drawing contrasts with physical measurePHQW IRUH[DPSOH$UPVWURQJ%RUVERRP
'H9HOOLV/RUG 1RYLFN0DXO,UULEDUUD 
:LOVRQ0LFKHOO6LMWVPD $QXPEHU
of important facets of psychological measurement
are raised in the process, namely its instrumentation
RURSHUDWLRQDOL]DWLRQWKHUHSHDWDELOLW\RUSUHFLVLRQ
of measurements, sources of error, and the interpretation of the measure itself. It can be said that
psychological measurement comprises the following:
GHāQLQJDFRQVWUXFWVSHFLI\LQJDPHDVXUHPHQWPRGHO
DQG GHYHORSLQJ DUHOLDEOHLQVWUXPHQWDQDO\]LQJDQG
accounting for various sources of error (including
operator error); and framing a valid argument for
particular uses of the outcome.
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Constructs

useful measurement rules.

'RSV\FKRORJLFDOFRQVWUXFWVUHDOO\H[LVW",QZKDW
VHQVHFDQZHUHDOO\NQRZDVWXGHQWÚVVWDWHRIPLQG"
We say that variables like physical length of an object
are directly observed, or manifest, whereas a person’s
mental states or psychological traits are only indirectly
observed, or latent. The term construct is used interchangeably with latent variable, while trait is used
to imply a construct that is stable over time (Lord &
1RYLFN ,QIDFWHYHQSK\VLFDOPHDVXUHPHQWLV
indirectly instrumented. Although we can perceive
length directly through our senses, the measurement
of length involves a process of comparison with a reference object or instrument, such as a tape measure.
The tape measure provides a scale, such as inches or
FHQWLPHWHUVZKLFKIRUPDOL]HVFRPSDULVRQVRIOHQJWK
)RUH[DPSOHZHFDQTXDQWLI\WKHGLIIHUHQFHLQWZR
lengths by subtracting one measurement from the other.

3K\VLFDOWKHRULHVWHQGWREHIHZLQQXPEHUDQGPRUH
comprehensive, whereas psychological theories are
QXPHURXVDQGQDUURZO\GHāQHG 'H9HOOLV 6LQFH
constructs are invented things, there is no empirical
limit to their number. It is possible to talk about a construct in the absence of a measurement instrument,
but a measurement instrument is always designed to
PHDVXUHVRPHWKLQJ7KHUHIRUHZHFDQLQIHUDQH[tremely partial list of constructs relevant to learning
analytics from the instruments already developed to
PHDVXUHWKHP([DPSOHVLQFOXGHLQWHOOLJHQFH HJWKH
6WDQIRUG×%LQHW,QWHOOLJHQFH6FDOH VFKRODVWLFDSWLWXGH
(e.g., that SAT test), academic achievement (numerous
H[DPSOHVLQFOXGHERWKODUJHVFDOHWHVWVDQGFRXUVH
H[DPV SHUVRQDOLW\ HJWKHÜELJāYHÝIDFWRUPRGHO
'LJPDQ DFKLHYHPHQWJRDORULHQWDWLRQ HJ
0LGJOH\HWDO DFKLHYHPHQWHPRWLRQV 3HNUXQ
*RHW])UHQ]HO%DUFKIHOG 3HUU\ JULW 'XFNZRUWK3HWHUVRQ0DWWKHZV .HOO\ VHOIWKHRULHV
RILQWHOOLJHQFHDQGā[HGJURZWKPLQGVHW 'ZHFN
<HDJHU 'ZHFN LQWULQVLFPRWLYDWLRQ
'HFL 5\DQ*XD\9DOOHUDQG %ODQFKDUG
 VHOIUHJXODWHGOHDUQLQJDQGVHOIHIāFDF\ HJ
3LQWULFK 'H*URRW OHDUQLQJSRZHU %XFNLQJKDP6KXP 'HDNLQ&ULFN&ULFN%URDGIRRW 
&OD[WRQ DQGFURZGVRXUFHGOHDUQLQJDELOLW\
0LOOLJDQ *ULIāQ 

,QWKHāUVWKDOIRIWKHWZHQWLHWKFHQWXU\HIIRUWVWRVHWWOH
philosophical issues of measurement led Bridgman (1927)
and others to operationalism, wherein physical concepts
like length, mass, and intensity are understood to be
ÜV\QRQ\PRXVZLWKÝWKHRSHUDWLRQVXVHGWRPHDVXUH
them. That is, length is understood as the outcome of
a (possibly hypothetical) length measurement procedure. This idea can be carried over to psychological
FRQVWUXFWVVXFKDVPDWKDELOLW\DQGH[WUDYHUVLRQE\
equating the constructs to scores on instruments used
to measure them. Math ability is then equivalent to a
VFRUHRQDPDWKWHVWDQGH[WUDYHUVLRQLVDVFRUHRQ
a Likert-item questionnaire. This positivist attitude
LVUHĂHFWHGLQ6WHYHQVÚGHāQLWLRQRIPHDVXUHPHQW
DVÜWKHDVVLJQPHQWRIQXPHUDOVWRREMHFWVRUHYHQWV
DFFRUGLQJWRUXOHVÝ S 7KHRSHUDWLRQDOLVW
YLHZRIFRQVWUXFWVZDVKLJKO\LQĂXHQWLDOLQWKHSDVW
but it has been rejected for a host of reasons (Maul,
,UULEDUUD :LOVRQ0LFKHOO QRWDEO\WKDW
RSHUDWLRQDOLVPIRUFHVDUHGHāQLWLRQRIWKHFRQVWUXFW
IRUHYHU\LQVWUXPHQWWKDWH[LVWVWRPHDVXUHLW
If an operationalist interpretation is rejected, it appears to leave open epistemological and ontological
questions about latent variables. Mislevy (2009, 2012)
articulates a constructivist-realist position, namely that
we can talk as ifDFRQVWUXFWH[LVWVZLWKRXWDFRPPLWment to strict realism by committing to model-based
reasoning. Model-based reasoning means accepting a
VLPSOLāHGUHSUHVHQWDWLRQRIDV\VWHPØIRUH[DPSOH
a construct-mediated relationship between persons
and responses — that captures salient aspects (e.g.,
SDWWHUQV DQGDOORZVXVWRH[SODLQRUSUHGLFWSKHQRPHQD 0LVOHY\ZHUHWXUQWRWKHH[SODQDWRU\
SUHGLFWLYHGLVWLQFWLRQODWHULQWKLVFKDSWHU $V*HRUJH
%R[IDPRXVO\VDLGÜDOOPRGHOVDUHZURQJEXWVRPHDUH
XVHIXOÝ %R[ 7KHFKDOOHQJHUHPDLQVWRFRPHXS
ZLWKXVHIXOPRGHOVRULQWHUPVRI6WHYHQVÚGHāQLWLRQ
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Several of the constructs listed above are multidimensional, that is they include multiple factors. The value
of combining versus separating out related constructs
LVDVXEMHFWRIGHEDWH (GZDUGV6FKZDUW] 

Measurement Instruments
3V\FKRORJLFDOPHDVXUHPHQWLQVWUXPHQWVDUHW\SLcally called tests or questionnaires (also surveys and
inventories) and are made up of items or indicators.
The word test is more often used for constructs like
intelligence, cognitive ability, and psychomotor skills,
ZKHUHLQWKHVXEMHFWRUH[DPLQHHLVLQVWUXFWHGWRWU\
WRPD[LPL]HKLVRUKHUSHUIRUPDQFH 6LMWVPD 
4XHVWLRQQDLUHUHVSRQGHQWVE\FRQWUDVWDUHDVNHGWR
respond honestly about their thoughts, feelings, and
behaviours. (Response bias can blur this distinction,
as we shall describe when we come to validity). Note
WKDWWKLVGHVFULSWLRQRIKRZVXEMHFWVDUHH[SHFWHGWR
interact with instruments reveals the rudiments of a
measurement model. We assume that the more able
test taker will obtain a higher score on an ability test
DQGWKDWWKHPRUHDQ[LRXVVXEMHFWZLOOREWDLQDKLJKHU
VFRUHRQDQDQ[LHW\TXHVWLRQQDLUH
Sometimes the term measurement scale is used interFKDQJHDEO\ZLWKWKHLQVWUXPHQW 'H9HOOLV 6FDOH
implies that the test or questionnaire has been scored.
Binary items that have correct and incorrect answers

and yes/no questions are usually scored dichotomously
with values in {0, 1}. Likert scale, rating scale, and visual-analogue scales (Luria, 1975) are other item types
that can take discrete or continuous numerical values.
Adding up the scores of individual items into a sum
score (also, raw score) is one procedure for scoring
an instrument, but it is not the only or necessarily the
EHVWSURFHGXUH /RUG 1RYLFN0LOOVDS 
Weighted sum scores and item response theory (IRT;
Baker & Kim, 2004) offer a range of alternatives.
The use of tests and questionnaires is a matter of both
HIāFLHQF\DQGVWDQGDUGL]DWLRQFRPSDUHGZLWKWKH
alternative of observing people in real life and waiting
IRUWKHPWRVSRQWDQHRXVO\H[SUHVVWKRXJKWVRUH[KLELW
the behaviours of interest (Sijtsma, 2011). In learning
DQDO\WLFVHIāFLHQWFROOHFWLRQRIGDWDLVXVXDOO\QRWWKH
SUREOHPEXWWKHODFNRIVWDQGDUGL]DWLRQFDQPDNHLW
challenging to account for measurement error.

Source of Error in Measurements
:HNQRZIURPH[SHULHQFHWKDWSV\FKRORJLFDOPHDVXUHments are not as consistently repeatable as physical
measurements. We also know that people’s responsHVWRDQLQVWUXPHQWPD\QRWIDLWKIXOO\UHĂHFWWKHLU
abilities, attitudes, or other constructs of interest.
Statistical models allow us to think of items, indicators,
or tests as random samples of a latent variable. The
latent variable can be a random variable, or it can be
ā[HGDVLQWUXHVFRUHWKHRU\ /RUG 1RYLFN 
Either way, the measurement samples will have error
resulting from the inherent non-repeatability, which
is sometimes called random error and is unbiased (in
WKHVHQVHRIKDYLQJDQH[SHFWDWLRQYDOXHRI]HURRYHU
some distribution of repeated measures). There can
also be systematic error, which is biased.
More precise or formal statements about error arise
when we adopt a measurement framework or model.
)RUH[DPSOHLQWUXHVFRUHWKHRU\DQGIDFWRUDQDO\VLV
we can reason in terms of parallel tests or equivalent
forms to derive estimates of an instrument’s reliability.
0HDVXUHPHQWHUURUFDQDOVREHGHāQHGDVDQ\YDULance in the data not attributed to the construct, as
H[SODLQHGE\WKHPRGHO $(5$$3$ 1&0( 
:HZLOOUHYLVLWWKHVRXUFHVRIHUURUDIWHUZHĂHVKRXW
our discussion of measurement models.

Reliability
Reliability is attributed to an instrument and is a
PHDVXUHRIWKHFRQVLVWHQF\RIVFRUHV $(5$$3$ 
1&0( VSHFLāFDOO\WKHSURSRUWLRQRIWKHWRWDO
variance in scores attributed to the latent variable
'H9HOOLV ,WFDQEHVDPSOHGHSHQGHQW LQ
true score theory) and model-dependent (in more
complicated models). The word is sometimes used
to mean a particular reliability coefficient, most
commonly Cronbach’s (1951) alpha, D, which ranges

IURP>@+RZHYHUWKHWHUPUHOLDELOLW\LVDOVRXVHG
in the sense of test-retest reliability, which is actually
a correlation, and inter-rater reliability (e.g., Cohen’s
kappa, N&RKHQ 3UDFWLWLRQHUVVRPHWLPHVOHDQ
uncritically on guidelines for acceptable values of D,
such as .70 as a lower bound (Cortina, 1993), to decide
that scales are good enough to use. But it should be
noted that statistical power improves with higher
values of D 'H9HOOLV 7KXVHIIRUWLQLPSURYLQJ
WKHUHOLDELOLW\RIDVFDOHFDQRIWHQRXWZHLJKWKHEHQHāW
of recruiting larger samples.

Validity
9DOLGLW\LVWKHIRUHPRVWWRSLFLQWKHStandards, whose
āUVWFKDSWHUEHJLQVÜ9DOLGLW\UHIHUVWRWKHGHJUHHWR
which evidence and theory support the interpretations
RIWHVWVFRUHVIRUSURSRVHGXVHVRIWHVWVâ,WLVLQFRUUHFWWRXVHWKHXQTXDOLāHGSKUDVHÙWKHYDOLGLW\RIWKH
WHVWÚÝ S 6XEVWLWXWLQJWKHEURDGHUWHUPÜPHDVXUHÝ
IRUWKHQDUURZHUÜWHVWÝLWVKRXOGEHVHOIHYLGHQWWKDW
validity is of paramount importance to learning analytics. There is a palpable focus in the Standards on
shaping the language used in validation arguments,
DQDSSURDFKDOVRHYLGHQWLQ0HVVLFNÚV  LQĂXHQWLDO
reworking of Cronbach and Meehl (1955) (see also Kane,
2001). Types of evidence about validity (rather than
ÜW\SHVRIYDOLGLW\Ý LQFOXGHHYLGHQFHDERXWUHVSRQVH
processes, evidence about the internal structure of
the instrument, convergent and discriminant evidence,
criterion references (including predictive criteria), and
HYLGHQFHRIJHQHUDOL]DELOLW\
We referred earlier in this chapter to the assumption
that responses to questionnaires correspond to honest
WKRXJKWVDQGIHHOLQJV+RZHYHUWKHUHLVH[WHQVLYH
literature on types of response bias, from acquiesFHQFHELDV \HDVD\LQJ0HVVLFN -DFNVRQ WR
social desirability bias (also, faking good; Nederhof,
 WRELDVIURPH[WUHPHDQGPRGHUDWHW\SHVRI
UHVSRQGHUV LHSHRSOHZKRWHQGWRFKRRVHH[WUHPH
ends of Likert-scales) (Bachman & O’Malley, 1984).
Although more often documented for questionnaires
and surveys about sensitive topics such as willingness
WRFKHDWVH[XDOIDQWDVLHVRUDWWLWXGHVDERXWUDFH
self-tuning or censoring of responses can also happen on educational tests, such as the force concept
inventory (FCI; Hestenes, Wells, & Swackhamer, 1992)
XVHGWRDVVHVV1HZWRQLDQWKLQNLQJ0D]XU  
UHSRUWHGDVWXGHQWVSHFLāFDOO\DVNLQJÜ+RZVKRXOG
,DQVZHUWKHVHTXHVWLRQV"$FFRUGLQJWRZKDW\RX
WDXJKWXVRUE\WKHZD\,WKLQNDERXWWKHVHWKLQJV"ÚÝ
Finally, intentional rapid guessing behaviour can be
thought of as a form of response bias (Wise & Kong,
2005). It should be clear that all of these sources of
response bias challenge the uncritical interpretation
of scale scores.
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Measurement Models
The rubber meets the road in the technical details
of measurement models. A measurement model is a
formal mathematical relationship between a latent
variable or set of variables and an observable variable
or set of variables. A fully statistical measurement
model may specify a distribution for the latent variable(s), a distribution for the observed variable(s), and
a functional relationship between them. The latent
variables are often understood as causally explaining
WKHREVHUYDWLRQVZKLFKDUHVXEMHFWWRHUURUV9DULDQFHV
and covariances of random variables are described,
H[SOLFLWO\RULPSOLFLWO\LQWKHPRGHO0RGHOVPDNHDVVXPSWLRQVIRUH[DPSOHWKHDVVXPSWLRQRIPRQRWRQLFLW\
(or, stricter, linearity) of the relationship between the
FRQVWUXFWDQGWKHPHDVXUHRUWKHDVVXPSWLRQRI]HUR
covariance between error terms of unique items. If the
assumptions of a model are violated, inferences made
XVLQJWKHPRGHOPD\EHZURQJ /RUG 1RYLFN 
Since categorical and continuous variables involve
different statistical methods, types of measurement
PRGHOVDUHVRPHWLPHVFODVVLāHGLQWRIDPLOLHVDFFRUGLQJ
to the type of latent and observed variables, as shown
LQ7DEOH7KLVFODVVLāFDWLRQLVQRWH[KDXVWLYHDV
K\EULGPRGHOVH[LVWDVZHOODVJHQHUDOL]HGIUDPHZRUNV
(Skrondal & Rabe-Hesketh, 2004) in which these
PRGHOIDPLOLHVEHFRPHVSHFLDOFDVHV*URZWKPRGHOV
DUHH[WHQVLRQVRIPHDVXUHPHQWPRGHOVWRUHSHDWHG
measures and can apply to both continuous and categorical latent variables (e.g., Meredith & Tisak, 1990;
Rabiner, 1989; Raudenbush & Bryk, 2002).
Table 3.1.)DPLOLHVRI/DWHQW9DULDEOH0RGHOV
Latent/Observed

Observed
continuous

Observed
categorical

Latent continuous

(CEVQTOQFGNU $QN
NGP/WNCKM


+VGOTGURQPUGOQF
GNU .QTF0QXKEM
$CMGT-KO
2004)

Latent categorical

Latent mixture
models (McLachlan
2GGN

Latent class
OQFGNU )QQFOCP
2002)

SPECIFIC USES OF MEASUREMENT
MODELS IN LEARNING ANALYTICS
We mentioned previously that psychological and
educational measurement is applied for a variety of
SXUSRVHVLQFOXGLQJFODVVLāFDWLRQGLDJQRVLVUDQNLQJ
SODFHPHQWDQGFHUWLāFDWLRQRILQGLYLGXDOVDVZHOO
as corresponding inferences about groups. Work in
learning analytics and educational data mining also
H[SORUHVWKHFRPSOH[ZHERIUHODWLRQVKLSVEHWZHHQ
psychological scales, behaviour, and performance in
digital learning environments (Tempelaar, Rienties,
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*LHVEHUV 7KHSXUSRVHRIWKLVVHFWLRQLVWR
provide a bit more depth about models and their uses
in learning analytics and educational data mining. All
WRSLFVDUHQRWWUHDWHGHTXDOO\UHĂHFWLQJERWKVSDFH
constraints and selection bias.

Factor Analysis
Factor analysis (Mulaik, 2009) models the correlations
among observed variables through a linear relationship to a set of latent variables known as factors. The
original one-factor model is Spearman’s (1904) model
of general intelligence gXVHGWRH[SODLQFRUUHODWLRQV
between scores on unrelated subject tests. True score
theory, also known as classical test theory (Lord &
1RYLFN FDQEHGHULYHGDVDVSHFLDOFDVHRIDVLQJOH
factor model in which all of the item factor loadings
are the same. Thurstone (1947) developed the multiple
(seven) factors model of intelligence.
Factor analysis is commonly divided into two enterprises.
([SORUDWRU\IDFWRUDQDO\VLV ()$ LVXVHGWRGHWHUPLQH
the number of latent factors from data without strong
theoretical assumptions and is commonly part of
scale development. However, EFA requires a number
of important methodological decisions which, if made
poorly, can lead to problematic results (Fabrigar,
Wegener, MacCallum, & Strahan, 1999). In particular,
Fabrigar et al. (1999) caution against confusing EFA with
SULQFLSDOFRPSRQHQWVDQDO\VLV 3&$ DGLPHQVLRQDOLW\
reduction technique, which can result in erroneous
FRQFOXVLRQVDERXWWUXHIDFWRUVWUXFWXUH&RQāUPDWRU\
factor analysis (CFA) is a complementary set of techniques to test a theoretically proposed factor model by
H[DPLQLQJUHVLGXDOVEHWZHHQH[SHFWHGDQGREVHUYHG
correlations. Thus, CFA can be used to reject a model.
CFA, along with path analysis and latent growth models,
is subsumed by structural equation modelling (SEM;
%ROOHQ.OLQH &RQāUPDWRU\IDFWRUDQDO\VLV
is not the same thing as running EFA multiple times
with different population samples, although the case
KDVEHHQPDGHIRUGRLQJWKHODWWHU 'H9HOOLV 
Some learning analytics research is directly concerned
with scale development and its integration with data
gathered from learning management systems (e.g.,
%XFNLQJKDP6KXP 'HDNLQ&ULFN0LOOLJDQ 
*ULIāQ 2WKHUZRUNIRFXVHVRQDVVRFLDWLRQVEHWZHHQH[LVWLQJVFDOHVDQGRXWFRPHPHDVXUHVVXFKDV
WKHUHODWLRQVKLSEHWZHHQDFKLHYHPHQWHPRWLRQV 3HNUXQ
et al., 2011) and decisions regarding face-to-face and
online instruction (Tempelaar, Niculescu, Rienties,
*LHVEHUV *LMVHODHUV RUEHWZHHQPRWLYDWLRQDO
measures and completion of a massive open online
course (Wang & Baker, 2015). When adapting an instrument or, especially, part of an instrument for new
purposes, practitioners should be mindful of whether
these new uses merit new validation arguments.

Latent Class and Latent Mixture
Models
'HGLF5RVHQIHOGDQG/DVU\  XVHGODWHQWFODVV
analysis to understand the distribution of physics
misconceptions based on students’ wrong answers
RQDSK\VLFVFRQFHSWWHVW'DWDFDPHIURPDGPLQistrations both before and at the end of a physics
FRXUVH SUHDQGSRVWWHVW 7KHDXWKRUVLGHQWLāHG
an apparent progression from Aristotelian to Newtonian thinking through discrete classes of dominance
fallacies. A widely used method for topic modelling
RIGRFXPHQWVODWHQW'LULFKOHWDOORFDWLRQ /'$%OHL
1J -RUGDQVHHDOVRVHYHUDOFKDSWHUVLQWKLV
YROXPH LVDODWHQWPL[WXUHPRGHO0L[HGPHPEHUVKLS
models (Erosheva, Fienberg, & Lafferty, 2004) further
JHQHUDOL]HODWHQWPL[WXUHVE\DOORZLQJÜIX]]\ÝRU
weighted assignments of an individual to multiple
FODVVHV7KH*DXVVLDQPL[WXUHPRGHOIRUPVWKHEDVLV
for model-based cluster analysis (Fraley & Raftery,
1998) applied to performance trajectories of MOOC
OHDUQHUV %HUJQHU.HUU 3ULWFKDUG ,WVKRXOG
be noted that not all clustering algorithms, however,
DUHODWHQWPL[WXUHPRGHOV

1.

7KHWUDLW HJDELOLW\ LVTXDQWLāHGDVDFRQWLQXRXV
random variable and is represented by θ on the
KRUL]RQWDOD[LV7KHYDULDEOHLVVWDQGDUGL]HGWRKDYH
DPHDQRI]HURDQGDYDULDQFHRILQWKHSRSXODtion of interest. More of the trait, corresponding
to a higher value of θLVH[SHFWHGWRLQFUHDVHWKH
probability P of a positive (or correct) response.
This is the monotonicity assumption. An observed
violation of monotonicity means that that the
fundamental person-item relationship is wrong,
and including the item in a test would lead to bad
āWDQGXQUHOLDEOHLQIHUHQFHV

2.

Two ways of interpreting these curves were described by Holland (1990). In the stochastic subject
interpretation, one literally imagines this curve as
applying to an individual whose performance is
inherently unpredictable. To paraphrase Holland,
WKHVWRFKDVWLFVXEMHFWH[SODQDWLRQLVLQWXLWLYHEXW
not wholly satisfactory; we do not have a mechaQLVWLFH[SODQDWLRQIRUWKHVWRFKDVWLFQDWXUHRIWKH
subject. In the random sampling interpretation,
on the other hand, this curve makes sense as
DSSOLHGWRDVDPSOHSRSXODWLRQRIH[DPLQHHV)RU
H[DPSOHDPRQJH[DPLQHHVZLWKLQDFHUWDLQDELOLW\
range, some proportion will answer correctly.
7KHSRLQWVDQGHUURUEDUVLQWKHāJXUHUHĂHFW
this observation.1

3.

The value of θ for which P = 0.5 is a reference
intercept, which for a cognitive ability test item
LVFDOOHGWKHGLIāFXOW\1RWHWKDWGLIāFXOW\LVipso
facto on the same scale as ability, and so it makes
sense to talk about the difference between a perVRQÚVDELOLW\DQGWKHGLIāFXOW\RIDQLWHP

4.

The form of the probability link is commonly parametric with respect to the trait θi of individual i
and a (set of) item parameters βj, for item j,

Item Response Theory (IRT)
Item response theory distinguished itself in the historical development of testing theory by modelling
individual person-item interactions rather than total
test scores, as in classical test theory. Conceptually,
WKHSXUSRVHRI,57LVÜWRGHVFULEHWKHLWHPVE\LWHP
SDUDPHWHUVDQGWKHH[DPLQHHVE\H[DPLQHHSDUDPHWHUV
in such a way that we can predict probabilistically the
UHVSRQVHRIDQ\H[DPLQHHWRDQ\LWHPHYHQLIVLPLODU
H[DPLQHHVKDYHQHYHUWDNHQVLPLODULWHPVEHIRUHÝ
(Lord, 1980, p. 11). A sample item characteristic curve
(ICC) or, equivalently, item response function (IRF) for
a binary item (e.g., correct/incorrect, agree/disagree,
et cetera) is shown in Figure 3.1.

P ij = P(Xij = 1|θi , βj) = f(θi , βj),

The salient characteristics of Figure 3.1 are as follows:

(1)

DVLQWKHFDVHRIWKH5DVFKPRGHO DVLQJOHGLIāFXOW\
SDUDPHWHU RURIWKHWZRSDUDPHWHUORJLVWLF 3/ 
PRGHO7KH3/PRGHOLVVKRZQLQ)LJXUHWKH
āWWRGDWDLVYLVLEO\JRRGDQGDG2 goodness-ofāWWHVWFRQāUPVDVPXFK,WVKRXOGEHQRWHGWKDW
QRQSDUDPHWULF,57PHWKRGVH[LVW 6LMWVPD 
When a person responds to several items in a measurement instrument, the idea is to combine the response
information to make posterior estimates of the trait.
For the likelihood of a response vector to factor into
a product of individual item-level probabilities, the
responses must be otherwise independent, conditional
on the trait. This conditional independence assumption
1

Figure 3.1. A sample item characteristic curve (ICC).
'RWWHGOLQHVLQGLFDWHWKH3 LQWHUFHSW

For the stochastic subject, these sample values would have to represent a set of identical trials by the same subject with no memory
of the other trials. Although this seems odd in a cognitive test item,
LWLVSODXVLEOHLQDSV\FKRPRWRUFRQWH[W6HH6SUD\  
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may require the introduction of additional factors that
H[SODLQLQWHULWHPGHSHQGHQFH HJ5LMPHQ 
Evidence that IRT has some traction in education
outside of high-stakes testing applications can be
found in physics education research applications to
the force concept inventory (FCI; Hestenes et al., 1992)
and the mechanics baseline test (MBT; Hestenes &
Wells, 1992). While these instruments have been in use
IRUWZHQW\āYH\HDUVLWHPUHVSRQVHPRGHODQDO\VHV
VWDUWHGWRDSSHDUPRUHUHFHQWO\ 0RUULVHWDO
:DQJ %DR 0RGHOGDWDāWIRUWKH)&,ZHUH
generally acceptable. Cardamone et al. (2011), however,
discovered two malfunctioning items in the MBT by
LQVSHFWLQJWKHLWHPUHVSRQVHIXQFWLRQV$QH[DPSOH
is shown in Figure 3.2.

Figure 3.2.$SRRUO\āWWLQJLWHPIURPWKHPHFKDQLFV
baseline test (MBT).
6RPHWKLQJLVāVK\LIORZDELOLW\VWXGHQWVDUHPRUH
likely to answer an item correctly than average-ability
students. Upon closer inspection, it was discovered
that ambiguous wording of this test item allowed
students holding a common misconception to misread
the question and coincidentally choose the correct
response for the wrong reason. In this case, two
wrongs did make a right.
)ROORZLQJH[SORUDWRU\IDFWRUDQDO\VHVRIWKH)&,WKDW
LGHQWLāHGPXOWLSOHGLPHQVLRQV 'LQJ %HLFKQHU
6FRWW6FKXPD\HU *UD\ DYDULDWLRQRIPXOtidimensional IRT was applied to the MBT (Bergner,
5D\\DQ6HDWRQ 3ULWFKDUG ,WHPUHVSRQVH
WKHRU\PRGHOVKDYHDOVREHHQH[WHQGHGWRWKHLQKHUently sequential process behind multiple attempts to
answer (answer-until-correct), an affordance which
is common in online homework (Attali, 2011; Bergner,
&ROYLQ 3ULWFKDUG&XOSHSSHU 
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Growth Models
*URZWKPRGHOVDSSO\DQ\WLPHDODWHQWWUDLWLVFKDQJing systematically between measurements. They can
EHDSSOLHGWRFKDQJLQJDWWLWXGHV HJ*HRUJH 
but we focus here on application to cognitive ability
GRPDLQV7KHUHLVDQH[WHQVLYHOLWHUDWXUHLQHGXFDtional data mining on student models for intelligent
problem-solving tutors, which are distinguished from
FXUULFXOXPVHTXHQFLQJWXWRUV 'HVPDUDLV %DNHU 
In cognitive tutors for mathematics (Anderson, Corbett,
.RHGLQJHU 3HOOHWLHU VHTXHQFHVRISUDFWLFH
items are designed to support mastery learning of
āQHJUDLQHGNQRZOHGJHFRPSRQHQWV DOVRVNLOOVRU
productions), according to a cognitive model. Two
approaches for modelling growth towards mastery
in data from these systems are Bayesian knowledge
tracing (BKT; Corbett & Anderson, 1995) and the adGLWLYHIDFWRUVPRGHOV $)0&HQ.RHGLQJHU -XQNHU
'UDQH\3LUROOL :LOVRQ /HDUQLQJFXUYHV
DQDO\VLV .¥VHU.RHGLQJHU *URVV0DUWLQ
Mitrovic, Mathan, & Koedinger, 2010) has also been
used to check for discrepancies between data and the
cognitive model underlying the tutor.
$FFRUGLQJWRWKHÜODZRISUDFWLFHÝ 1HZHOO 5RVHQbloom, 1981), the aggregate error rate T as a function
of practice opportunity n should decay according
to a power law T=Bn-D , where B and a are empirically
determined. Bad fit between data and model, for
H[DPSOHXVLQJr-squared measures, may motivate
improvements to knowledge mapping. This may be
seen as an analogue to the item analysis in Figure 3.2,
where a faulty item is detected. In this case, however,
the assignment of a sequence of items to a knowledge
component is seen as faulty.
In BKT, the latent variable is mastery of a procedural
knowledge component and is binary-valued, M  {0, 1}.
The probability link between mastery and correctness
X ^`RQDQ\JLYHQRSSRUWXQLW\LVD[FRQGLWLRQDO
probability table, but by analogy with Eq. (1), it can be
written in terms of guess (g) and slip (s) parameters as,
P(X = 1|M) = (1 - s) M g(1-M)

(2)

Importantly, the attempts are not viewed as independent. Rather, the key idea in BKT is that students
begin with some prior probability of mastery and
move towards mastery (they learn) on each practice
opportunity according to the rule,
P(Mn) = P(Mn-1) + W(1 - P(Mn-1))

(3)

Here W is a growth parameter. Recently, van de Sande
 GHPRQVWUDWHGWKDW%.7LPSOLHVDQH[SRQHQWLDO
rather than a power law relationship between practice attempts and error rates. This would make BKT a
PLVVSHFLāHGPRGHOIRUGDWDWKDWVDWLVI\DSRZHUODZ

of practice. The additive factors model, by contrast,
LVGHVLJQHGWRāWWKHSRZHUODZRISUDFWLFHSDUDGLJP
.¥VHUHWDO  VKRZHGWKDWSUHGLFWLRQDFFXUDF\RI
%.7LVRIWHQLQGLVWLQJXLVKDEOHIURP$)05HJDUGLQJāW
of the latter, they noted systematic bias in aggregate
residuals analyses.
$)0KDVEHHQUHIHUUHGWRDVDQH[WHQVLRQRI,57
(Koedinger, McLaughlin, & Stamper, 2012), and indeed
the relation to the linear logistic test model (LLTM;
Fischer, 1973) was clear in the progenitor of this model
'UDQH\HWDO +RZHYHULQSDVVLQJWRLWVFXUUHQW
form, the model was changed in a critical way. The
//70LVD5DVFKW\SH,57PRGHOLQZKLFKWKHGLIāFXOty of an item is decomposed as a sum over potential
properties of the item. Writing the Rasch model as,
logit(P ij) = ln(P ij/(1-P ij)) = Ti - Ej,

(4)

WKHGLIāFXOW\Ej of item j is further decomposed,

Ej=cj + ¦k wjkDk,

Ej = cj+ D 
$OWKRXJKWKHPRGHORI'UDQH\HWDO  FRQWDLQHG
DQLWHPOHYHOGLIāFXOW\SDUDPHWHULQ$)0RQO\WKH
GLIāFXOWLHVRIWKHFRPSRQHQWVNLOOVDUHUHWDLQHG,Q
addition, a practice term is introduced,2
(7)

where Jk is a growth parameter and 7ik is a count of
the previous practice attempts of learner i on skill k.
If a sequence of practice problems all involve the same
skills, which is common for tutor applications, then for
each sequence, this parameter reduces to,

EjAFM = D- J7i .

(8)

Importantly, this is not a property of the item at all,
as is clear from the subscripts on the right hand side,
which depend only on the learner. By dropping the cj
SDUDPHWHULQ(TXDWLRQV  ×  WKH$)0KDVDFWXDOO\
EHFRPHDā[HGHIIHFWJURZWKPRGHO
From a modelling perspective, it is not surprising that
WKHLWHPOHYHOGLIāFXOW\SDUDPHWHUZDVUHPRYHGDV
NHHSLQJERWKGLIāFXOW\DQGJURZWKSDUDPHWHUVFUHDWHV
DSUREOHPIRULGHQWLāDELOLW\$PRGHOLVLGHQWLāDEOHLI
its parameters can be unambiguously learned given
VXIāFLHQWGDWD+RZHYHUIRUVWXGHQWVZRUNLQJRQD
ā[HGVHTXHQFHRILWHPVWKHLQFUHDVHGVXFFHVVUDWHGXH
to learning/growth can be attributed to decreasing
2

Cognitive Diagnostic Models
$VHPLQDOVWXG\RIPL[HGQXPEHUVXEWUDFWLRQXVLQJ
cognitive task analysis led Tatsuoka (1983) to develop
WKH4PDWUL[PHWKRGDQGDPRGHOIRUGLDJQRVLQJ
VSHFLāFVXEVNLOOV HJFRQYHUWLQJDZKROHQXPEHU
WRDIUDFWLRQ LQDQHGXFDWLRQDOWHVW7KH4PDWUL[
is a discrete mapping of items to requisite sub-skills
DQGLVWUDGLWLRQDOO\VSHFLāHGLQWKHDVVHVVPHQWPRGHO
Cognitive diagnostic models have since been considHUDEO\JHQHUDOL]HG 5XSS 7HPSOLQYRQ'DYLHU
 DQGHIIRUWVWROHDUQWKH4PDWUL[IURPGDWD
have appeared in educational data mining research
%DUQHV'HVPDUDLV.RHGLQJHUHWDO 

SOURCES OF ERROR, REVISITED
(5)

where DkDUHGLIāFXOWLHVRIÜEDVLFÝRSHUDWLRQV )LVFKHUÚV
term) and the indicators wik are 0 or 1 depending on
whether these operations are required in item j. If
all items use the same operations, the model clearly
reduces to the Rasch model with a simple offset,

EjAFM = ¦kwjkDk - ¦kwjkJk7ik ,

LWHPGLIāFXOW\7KHWZRHIIHFWVFDQQRWEHGLVWLQJXLVKHG
XQOHVVLWHPGLIāFXOWLHVKDYHEHHQVHSDUDWHO\FDOLEUDWHG
under conditions where there is no growth.

One sign convention from Cen et al. (2008) has been changed to
PDNHWKHPRGHOFRQVLVWHQWZLWKWKHXVXDO5DVFKPRGHOZLWKDGLIāculty rather than an easiness parameter.

+DYLQJH[SORUHGVRPHRIWKHPHDVXUHPHQWPRGHOV
involved in studying motivation, emotion, and cognition, it is worth revisiting the important subject of
HUURU3UDFWLWLRQHUVVKRXOGEHPLQGIXOWKDWDGGLWLRQDO
sources of error could be introduced by using models
with the wrong parameters, by using the wrong models,
or by using the models wrongly.
The use of a model may depend on parameters whose
estimation is itself subject to error. These uncertainties
should be acknowledged, but they are not necessarily
serious if the model is consistent as a data-generating
model for the observed data. That is, we think of the
statistical model as a stochastic process that can be used
to generate (also, sample or simulate) data (Breiman,
 )RUH[DPSOHZHFDQVLPXODWHGDWDIURPFRLQ
ĂLSVXVLQJD%HUQRXOOLSURFHVVHYHQLIZHDUHXQVXUH
about whether the real coin is fair. In principle, our
parameter for the probability of heads in our model can
be improved with more data from the real coin. This is
different from the case when the model itself, either
in terms of the latent variables or the link functions,
is inconsistent with the true generating model. The
VHFRQGFDVHLVFDOOHGPRGHOPLVVSHFLāFDWLRQ :KLWH
 *RRGQHVVRIāWWHVWVHYDOXDWHWKHFRQVLVWHQF\
between the observed data and the generating model
WRUHWDLQRUUHMHFWWKHPRGHO :KLWH+DEHUPDQ
$PHV 3HQāHOG 

EXPLANATION AND PREDICTION
3UHGLFWLYHPRGHOOLQJLVRQHRIWKHPRVWSURPLQHQW
methodological approaches in educational data mining
(Baker & Siemens, 2014; Baker & Yacef, 2009). MeasurePHQWWKHRU\E\FRQWUDVWLVGHFLGHGO\H[SODQDWRU\
as are most of the statistical methods traditionally
used in the social sciences (Breiman, 2001; Shmueli,
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 :KLOHDQH[SODQDWRU\PRGHOFDQEHXVHGWR
PDNHSUHGLFWLRQVØDQGDQHUURUIUHHH[SODQDWRU\
model would make perfect predictions — a predictive
PRGHOLVQRWQHFHVVDULO\H[SODQDWRU\%UHLPDQ  
H[SUHVVHGWKHGLVWLQFWLRQLQWHUPVRIWZRFXOWXUHVWKH
data modelling culture (98% of statistics, informally
according to Breiman) and the algorithmic modelling
culture (the 2%, in which Breiman included himself).3
Shmueli (2010) contrasted the entire design process
for statistical modelling when viewed from either a
SUHGLFWLRQRUDQH[SODQDWLRQOHQV7KHLQWHUSUHWDELOLW\RUQRQLQWHUSUHWDELOLW\RISUHGLFWRUVLQDFRPSOH[
prediction model is only one aspect of the distinction
(see also Liu & Koedinger, this volume). The different
viewpoints fundamentally inform how researchers
handle error and uncertainty.
7KHSUHGLFWLYHYLHZLVH[SUHVVHGIRUH[DPSOHLQD
recent best paper from the educational data mining
FRQIHUHQFH7KHDXWKRUVDVVHUWWKDWÜWKHRQO\ZD\
to determine if model assumptions are correct is to
construct an alternative model that makes different
assumptions and to determine whether the alternative
RXWSHUIRUPV>RXWSUHGLFWV@%.7Ý .KDMDK/LQGVH\
0R]HUSHGLWRULDOQRWHDGGHG 6WULFWO\
speaking, model prediction performance is not a way
to determine if model assumptions are violated. By
contrast, both informal checks and formal tests for
JRRGQHVVRIāWKDYHEHHQGLVFXVVHGDERYH+RZHYHU
WKHTXRWHLVDUHĂHFWLRQRIWKHDOJRULWKPLFPRGHOOLQJ
culture in which models are validated by predictive
accuracy (Breiman, 2001). More problematically, it
carries a presumption that predictive power points to
WKHWUXHUPRGHO,QIDFWLWLVH[SODQDWRU\SRZHUWKDW
SOD\VWKLVUROH3XWLQWHUPVRIYDULDQFHFRPSRQHQWV
ÜLQH[SODQDWRU\PRGHOOLQJWKHIRFXVLVRQPLQLPL]LQJ

3
Breiman uses the term information in place of explanation and in
contrast to prediction.
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bias to obtain the most accurate representation of the
underlying theory. In contrast, predictive modelling
VHHNVWRPLQLPL]HWKHFRPELQDWLRQRIELDVDQGYDULDQFHRFFDVLRQDOO\VDFULāFLQJWKHRUHWLFDODFFXUDF\
IRULPSURYHGHPSLULFDOSUHFLVLRQÝ 6KPXHOLS
 ,WVKRXOGEHHPSKDVL]HGWKDWH[SODQDWRU\SRZHU
and predictive power do not always point in the same
direction. Indeed, Hagerty and Srinivasan (1991) proved
WKDWLQQRLV\FLUFXPVWDQFHVXQGHUVSHFLāHGPXOWLSOH
regression models can have more predictive power
WKDQWKHFRUUHFWO\VSHFLāHG WUXH PRGHO
6XWKHUVDQG9HUEHUW  KDYHGHVFULEHGOHDUQLQJ
DQDO\WLFVDVDÜPLGGOHVSDFHÝEHWZHHQOHDUQLQJVFLHQFH
DQGDQDO\WLFV3HUKDSVLWPD\DOVREHWKRXJKWRIDV
occupying a methodological middle space between
H[SODQDWRU\DQGSUHGLFWLYHDSSURDFKHV,QWKDWFDVH
WKHāHOGPD\EHQHāWIURPXQGHUVWDQGLQJWKHQXDQFHV
of both perspectives.

FURTHER READING
3V\FKRORJLFDOPHDVXUHPHQWLVDOPRVWDVROGDVSV\chology itself and as old as statistics. Authoritative,
technical, and somewhat encyclopedic sources are
the anthology of psychometrics in the Handbook of
StatisticsVHULHV 5DR 6LQKDUD\ DQGWKHÜELEOHÝ
of Educational Measurement, now in its fourth edition
%UHQQDQ (GXFDWLRQDOPHDVXUHPHQWYROXPHV
and the Standards $(5$$3$ 1&0( WHQGWR
HPSKDVL]HWHVWLQJZKHUHVSHFLāFLVVXHVDUHUHOLDELOLW\
YDOLGLW\JHQHUDOL]DELOLW\FRPSDUDELOLW\DQGIDLUQHVV
'H9HOOLVÚ  FRQFLVHYROXPHRQVFDOHGHYHORSPHQW
is a non-technical introduction to psychological
PHDVXUHPHQWDQGRPLWVWRSLFVVSHFLāFWRODUJHVFDOH
testing, such as linking scores from parallel test forms.
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